This paper deals with the question of blow-up of solutions to nonlocal reaction-diffusion systems under various boundary conditions. Specifically, conditions on data are introduced to avoid the blow-up of the solution and, when the blow-up occurs, explicit lower and upper bounds of blow-up time are derived.
Introduction
The purpose of this paper is to study the blow-up phenomenon of nonnegative solutions for some classes of reaction-diffusion systems under different boundary conditions and when the reaction terms have a nonlocal functional dependence in space-and timedependent coefficients.
Let us consider the following system:
There are some important phenomena formulated as parabolic equations that are coupled with nonlocal boundary conditions in mathematical modeling such as thermoelasticity theory (see [, ] , and [] ). In this case, the solution can be used to describe the entropy per volume of the material. We remark that nonlocal terms may appear also on the boundary conditions. Friedman [] investigated the behavior of the solutions of the system ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ u t -Au = , x ∈ , t > , u(x, t) = f (x, y)u(y, t) dy, x ∈ ∂ , t > ,
where A is a uniformly elliptic operator.
As for more general discussions on the dynamics of parabolic problems with nonlocal boundary conditions, we refer to Pao [] , where the following problem was considered: 
Souplet [] studied the blow-up behavior of nonnegative solutions for some classes of reaction-diffusion equations, where the reaction term may have a nonlocal functional dependence either in space or in time (or possibly in both space and time). For each type of problems, the author gave finite time blow-up results that significantly improved or extended previous results of several authors. Marras and Vernier Piro [] considered the following class of reaction-diffusion systems subject to nonlocal boundary conditions:
where is a bounded convex domain in R N , N ≥ , with smooth boundary, and f , g, u  , and v  are smooth nonnegative functions. The authors prove that, under certain conditions on the data, the blow-up occurs at some finite time t * , and, when its does, they derive explicit lower and upper bounds. The case of a single equation is analyzed in [] . If the source term is local, for instance, of power type, results on blow-up behavior of the solutions to parabolic problems under Dirichlet, Neumann, and Robin boundary conditions are present in [] and [] (see also [] ). In the case of a source term combination of a nonlocal term with an exponential one, Pao points out applications to thermal explosion in combustion theory (see [] and the references therein).
The novelty of this paper is in associating with system (.) Dirichlet, Neumann, and Robin boundary conditions and to present methods working in all the cases with the aim to obtain upper and lower bounds for blow-up time and also to prove the global existence of solutions. Nevertheless, we treat separately the three cases since the proofs in the Dirichlet problem (β = ) and in the Neumann problem (α = ) are not particular cases of the Robin problem: in fact, we use the properties connected with the eigenvalues of the fixed, free, and elastically supported membrane problems, respectively, defined in problems (.), (.), and (.) (see [] ).
For other interesting results concerning the membrane response, which includes an elastic response and viscous behavior, the readers may refer to [, ] .
The paper is organized as follows. In Section  (Section .), we consider a spatial domain ⊂ R N and derive an upper bound of the blow-up time by constructing a blowing up subsolution of our problem, which implies that our solution also blows up. In Sections . and ., we restrict our investigation to a domain ⊂ R  and obtain respectively a lower bound for t * and the conditions to avoid the blow-up phenomenon.
In Section , we extend results in Section  to our problem when the Dirichlet boundary condition is replaced by the Neumann one. In particular, in Sections . and ., the extension is immediate; however, in Section ., we have to rely on an inequality that allows us to estimate the integral term containing the gradient of the solution.
In Section , under appropriate variations, the results of Section  are extended. Specifically, in order to obtain a lower bound of t * and the nonblow-up of the solution, to manage the boundary integral term, we use the variational definition of the first eigenvalue of the elastically supported problem. Throughout the paper, for clarity, we indicate with t * D , t * N , and t * R the blow-up times of the solutions to (.) under Dirichlet, Neumann, and Robin boundary conditions, respectively.
Estimates of t * D
In this section, we consider system (.) under the Dirichlet boundary condition (β =  and α = ):
(.)
Upper bound for t * D
We will prove that the solution (u, v) blows up in finite time t * D and derive an upper bound of t * D . To this end, we construct a blowing up subsolution (u, v) of (.).
In order to find a subsolution of (.), we first prove the following:
Lemma . Let s(t) be the unique solution of the problem
with constant
Then s(t) blows up in finite time
Proof We easily find the solution of (.):
which blows up at time T defined in (.).
Let be a bounded domain in R N , and let us denote
where | | is the measure of , m, n ≥ , p > , q > , and ϕ  and λ  are respectively the first eigenfunction and the corresponding eigenvalue of the fixed membrane problem
We seek an unbounded subsolution of (.) of the form
with ϕ  the first eigenfunction of (.), m, n ≥ , and s(t) ∈ C  the solution of (.). We note that (u, v) blows up in finite time T. We now prove that (u, v) is a subsolution of (.).
Theorem . Let (u, v) be the solution of (.). Assume that Lemma
then (u, v) blows up in finite time t * , and
Proof We consider (u, v) defined in (.) and compute
In the last step, we have used the Hölder inequality and definition (.) of k and (.).
Since γ >  and s(t) is the solution of (.) that blows up at time T, taking into account (.), inequality (.) becomes
and initially
is a subsolution of (.) that blows up at time T defined in (.). Then (u, v) blows up at finite time t * D , which is bounded above by (.).
A lower bound for t * D
Let ⊂ R  be a bounded domain with the origin inside, star-shaped, and convex in two orthogonal directions, with boundary ∂ smooth enough, and let [, τ ], τ < t * D , be the time interval of existence of the solution (u, v) of (.).
We define
with initial value
and we prove the following:
Theorem . Let be defined in (.), and (u, v) be a classical solution of (.) that becomes unbounded in the -norm at some finite time t *
Proof Differentiating (.), we have
and using the first equation in (.) and the divergence theorem, we obtain
In order to estimate the last term of (.), we use the Hölder inequality, (.), and the arithmetic inequality
The term u p dx in the last step can be estimated making use of the following Sobolevtype inequality (see Lemma A in []):
with ρ  = min ∂ (x · ν) >  and d = max |x|, valid in a bounded domain of R  with the origin inside, star-shaped and convex in two orthogonal directions. By means of (.) and the fundamental inequality
we have
From the Schwarz inequality and (.), in (.), we have
with arbitrary >  to be chosen later. Combining (.), (.), and (.), we obtain
A similar computation leads to
Substituting (.) and (.) into (.), we have
and using in (.) the inequality
we arrive at
Now choose such that A  = . Then (.) becomes
If blows up at time t * D , then there exists a time t  ≥  such that (t) ≥  for all t ≥ t  , and we have
valid for t ≥ t  and with
Integrating (.) from t  to t * D , we obtain the desired lower bound (.) withĀ - and
Nonblow-up case
In this section, we derive conditions on data such that the blow-up phenomenon cannot occur. Let (u, v) be the solution of (.). We consider the auxiliary function defined in (.) and prove the following: Proof We follow the proof of Theorem . up to (.), which we rewrite for clarity as
Let us choose in the last term of (.) such that A  = -C ≤ . Observe that
From the Rayleigh principle we obtain
Replacing (.) in (.), we have 
Estimates of t * N
In this section, we consider system (.) under the Neumann boundary condition (β =  and α = ):
In this case, in order to obtain explicit upper and lower bounds of the blow-up time t * N , we can repeat all the assumptions in Sections . and ., but now the normal derivative vanishes on the boundary.
Upper bound of t * N
In order to obtain an upper bound of t * N , we seek an unbounded subsolution of problem (.):
with n, m ∈ N and s(t) satisfying Lemma ..
Here we put γ , k, a as in (.) and a  = μ  , where μ  and φ  are, respectively, the second eigenvalue and eigenfunction of the following free membrane problem:
Following the steps in Section ., with the above changes, we prove the following:
(  .  )
Lower bound of t * N
Theorem . Let be defined in (.), and (u, v) be a classical solution of (.) that becomes unbounded in the -norm at some finite time t *
The proof follows the reasoning in Section .: taking into account that when we apply the divergence theorem in (.), the Neumann boundary condition must be used, we get (.). Now we remark that the Sobolev inequality (.) also holds for a function with vanishing normal derivative on the boundary. In this way, the first-order differential inequality (.) is obtained from which we achieve (.).
Nonblow-up case
Regarding the nonblow-up case under the Neumann boundary condition, we cannot use the Rayleigh principle. We now prove a lemma that plays an important role in the proof of Theorem ..
Lemma . Let be a convex domain in R  with sufficiently smooth boundary. If w is a
with m  , and m  defined further.
Proof We recall inequality (.) in []:
valid in a convex domain ∈ R  with sufficiently smooth boundary and with ρ  = min ∂ (x · ν) >  and d = max |x|. Using the arithmetic inequality (.) in (.), we have Proof Following the proof of Theorem . up to (.), we have
In the last term of (.), now using (.) with w = u or w = v and n = p, we obtain
By the Hölder inequality we can deduce
Replacing (.) in (.), we obtain
Substituting (.) into (.), we arrive at
In view of (.), (.) can be rewritten as
. If (.) and (.) hold, then, by the comparison principle, ≤  for t > , and cannot blow up.
Estimates of t * R
In the case of Robin boundary condition, the extension of Theorems ., ., and . is not so immediate.
We consider problem (.) with β = , α > :
(.)
Upper bound of t * R
We look for a blowing up subsolution of problem (.):
Here we put γ , k, a as in (.) and a  = ξ  , where ξ  and ψ  are, respectively, the first eigenvalue and the corresponding eigenfunction of the elastically supported membrane problem
Following the steps in Section ., with the right changes, the following result holds.
(  .  )
Lower bound of t * R
In order to obtain an explicit lower bound of t * R of the solution of problem (.), we consider the auxiliary function (.), and we follow the arguments in Section . to prove the following: Theorem . Let be defined in (.), and (u, v) be a classical solution of (.) that becomes unbounded in the -norm at some finite time t * R . If
and using the first equation in (.) and the divergence theorem, we obtain
In order to estimate the last term of (.), following the steps in the proof of Theorem ., we obtain
with A  , A  , A  defined in (.). Now we estimate the first term in (.). To this end, we use the variational definition of the first eigenvalue ξ  of problem (.). We have -pα 
